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New Foreword

On October 1, 2001 Axiom was withdrawn from the market and ended life as a commer-
cial product. On September 3, 2002 Axiom was released under the Modified BSD license,
including this document. On August 27, 2003 Axiom was released as free and open source
software available for download from the Free Software Foundation’s website, Savannah.

Work on Axiom has had the generous support of the Center for Algorithms and Interactive
Scientific Computation (CAISS) at City College of New York. Special thanks go to Dr.
Gilbert Baumslag for his support of the long term goal.

The online version of this documentation is roughly 1000 pages. In order to make printed
versions we’ve broken it up into three volumes. The first volume is tutorial in nature. The
second volume is for programmers. The third volume is reference material. We’ve also added
a fourth volume for developers. All of these changes represent an experiment in print-on-
demand delivery of documentation. Time will tell whether the experiment succeeded.

Axiom has been in existence for over thirty years. It is estimated to contain about three
hundred man-years of research and has, as of September 3, 2003, 143 people listed in the
credits. All of these people have contributed directly or indirectly to making Axiom available.
Axiom is being passed to the next generation. I'm looking forward to future milestones.

With that in mind I've introduced the theme of the “30 year horizon”. We must invent
the tools that support the Computational Mathematician working 30 years from now. How
will research be done when every bit of mathematical knowledge is online and instantly
available? What happens when we scale Axiom by a factor of 100, giving us 1.1 million
domains? How can we integrate theory with code? How will we integrate theorems and
proofs of the mathematics with space-time complexity proofs and running code? What
visualization tools are needed? How do we support the conceptual structures and semantics
of mathematics in effective ways? How do we support results from the sciences? How do we
teach the next generation to be effective Computational Mathematicians?

The “30 year horizon” is much nearer than it appears.

Tim Daly
CAISS, City College of New York
November 10, 2003 ((iHy))



Chapter 1

Chapter Overview

This book contains the domains in Axiom, in alphabetical order.

Each domain has an associated 'dotpic’ chunk which only lists the domains, categories, and
packages that are in the layer immediately below in the build order. For the full list see the
algebra Makefile where this information is maintained.

Each domain is preceded by a picture. The picture indicates several things. The colors
indicate whether the name refers to a category, domain, or package. An ellipse means that
the name refers to something in the bootstrap set. Thus,

- T
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Chapter 2

Chapter A

2.1 package AFALGGRO AffineAlgebraicSetCompute-
WithGroebnerBasis

— AffineAlgebraicSetComputeWithGroebnerBasis.input —

)set break resume

)sys rm -f AffineAlgebraicSetComputeWithGroebnerBasis.output
)spool AffineAlgebraicSetComputeWithGroebnerBasis.output
)set message test on

)set message auto off

)clear all

S 1of 1
)show AffineAlgebraicSetComputeWithGroebnerBasis

--R AffineAlgebraicSetComputeWithGroebnerBasis(K: Field,symb: List(Symbol),PolyRing: PolynomialCategory(K,E
--R Abbreviation for AffineAlgebraicSetComputeWithGroebnerBasis is AFALGGRO

--R This constructor is exposed in this frame.

--R Issue )edit bookvol1l0.4.pamphlet to see algebra source code for AFALGGRO

--R-——————- -—= - Operations -—= -——

--R affineAlgSet : List(PolyRing) -> Union(List(ProjPt),"failed",Infinite,Integer)
--R affineRationalPoints : (PolyRing,PositivelInteger) -> List(ProjPt)

--R affineSingularPoints : PolyRing -> Union(List(ProjPt),"failed",Infinite,Integer)

--E 1

) spool
)1lisp (bye)
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— AffineAlgebraicSetComputeWithGroebnerBasis.help —

AffineAlgebraicSetComputeWithGroebnerBasis examples

See Also:
o )show AffineAlgebraicSetComputeWithGroebnerBasis

2.1.1 AffineAlgebraicSetComputeWithGroebnerBasis (AFALGGRO)

Exports:
affineAlgSet  affineRationalPoints  affineSingularPoints

— package AFALGGRO AffineAlgebraicSetComputeWithGroebner-
Basis —

)abbreviation package AFALGGRO AffineAlgebraicSetComputeWithGroebnerBasis
++ Author: Gaetan Hache
++ Date Created: 17 nov 1992
++ Date Last Updated: May 2010 by Tim Daly
++ Description:
++ The following is part of the PAFF package
AffineAlgebraicSetComputeWithGroebnerBasis(K,symb,PolyRing,E,ProjPt) :Exports_
== Implementation where

K : Field

symb: List(Symbol)

0V ==> OrderedVariableList (symb)
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E : DirectProductCategory (#symb,NonNegativeInteger)
PolyRing : PolynomialCategory(K,E,0V)

ProjPt : ProjectiveSpaceCategory(K)
PCS : LocalPowerSeriesCategory (K)
OF ==> QutputForm

PI ==> PositivelInteger

NNI  ==> NonNegativelnteger

RFP  ==> RootsFindingPackage

SUP  ==> SparseUnivariatePolynomial

PPFC1 ==> PolynomialPackageForCurve (K,PolyRing,E,#symb,ProjPt)
Exports ==> with

affineAlgSet: List PolyRing -> _
Union(List(ProjPt),"failed","Infinite",Integer)

affineSingularPoints : PolyRing -> _
Union(List(ProjPt),"failed","Infinite",Integer)

affineRationalPoints: (PolyRing,PI) -> List ProjPt
++ \axiom{rationalPoints(f,d)} returns all points on the curve
++ \axiom{f} in the extension of the ground field of degree \axiom{d}.
++ For \axiom{d > 1} this only works if \axiom{K} is a
++ \axiomType{LocallyAlgebraicallyClosedField}

Implementation ==> add
ss2:List Symbol:= [X1,X2]

DD ==> DistributedMultivariatePolynomial(ss2,K)
LexE ==> DirectProduct (#ss2,NonNegativeInteger)

0V2 ==> OrderedVariableList(ss2)

InGB ==> InterfaceGroebnerPackage(K,ss2,LexE,0V2,DD)

affineAlgSetLocal : List DD -> _
Union(List(ProjPt),"failed","Infinite",Integer)

import PPFC1
import PolyRing
import ProjPt

listVar:List(0V):= [index(i::PI)$0V for i in 1..#symb]

polyToYX1l : PolyRing -> DD

-- NOTE : polyToYX1l set the last variable to 1 and swap the 1st and 2nd var
-- so that a call to grobner will eliminate the second var before the

-- first one

-- 23/10/98 : Ce n’est plus vrai. La fonction a ete "repare’".

-- A priori ce la ne creait pas de bug, car on tenait compte de
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-- cette particulariite dans la fonction affineAlgSetLocal.

-- cette derniere fct a aussi ete "ajuste’"

-- 27/10/98

-- Ce n’est pas vraie !!! Il fauit trouve X d’abord et ensuite Y !!
-- sinon tout sr la notion de places distinguee fout le camp !!!

polyToX10 : PolyRing -> SUP(X)
--fonctions de resolution de sys. alg. de dim O
if K has FiniteFieldCategory then
affineRationalPoints(crv:PolyRing,extdegree:PI) :List(ProjPt) ==
--The code of this is almost the same as for algebraicSet
--We could just construct the ideal and call algebraicSet
--Should we do that? This might be a bit faster.

listPtsIdl:List(ProjPt):= empty()

monomial (1,directProduct (vector ([1,0])$Vector (NNI)))$DD
monomial (1,directProduct (vector ([0,1])$Vector (NNI)))$DD

o]
1]

if K has PseudoAlgebraicClosureOfFiniteFieldCategory then
setTower! (1$K) $K
q:= size()$K
px:= x**x(q**extdegree) - x
py:= y**(g**extdegree) - y

crvXY1l := polyToYX1l crv
rpts:= affineAlgSetLocal([crvXY1l,px,pyl)

-- si les 3 tests qui suivent ne sont pas la,
-- alors ca ne compile pas !!! 777
rpts case "failed" =>_

error "failed: From affineRationalPoints in AFALGGRO,"
rpts case "Infinite" =>_

error "Infinite: From affineRationalPoints in AFALGGRO,"
rpts case Integer =>_

error "Integer: From affineRationalPoints in AFALGGRO,"
rpts case List(ProjPt) => rpts
error "Unknown: From affineRationalPoints in AFALGGRO,"

affineSingularPoints(crb)==
F:= polyToYX1l crb
Fx:=differentiate(F,index(1)$0V2)
Fy:=differentiate(F,index(2)$0V2)
affineAlgSetLocal ([F,Fx,Fyl)

affineAlgSet (ideal : List PolyRing )==
idealXY1l := [polyToYX1 pol for pol in ideall]
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affineAlgSetLocal idealXY1

--fonctions de resolution de sys. alg. de dim O
affineAlgSetLocal(idealToXY1:List DD ) ==
listPtsIdl:List(ProjPt)
idealGroXY1:=groebner (idealToXY1)$InGB
listZeroY:List (K) :=empty()
listZeroX:List (K) :=empty ()
listOfExtDeg:List (Integer) :=empty ()
polyZeroX:DD:=last (idealGroXY1)
member? (index (1) $0V2, variables(polyZeroX)$DD) =>

print (("The number of point in the algebraic set is not finite")::0F)

print(("or the curve is not absolubtly irreducible.")::0F)

error "Have a nice day"

--now we find all of the projective points where z "= 0
rec0fZerosX:=distinguishedRoots0f (univariate(polyZeroX) , 1$K) $RFP (K)
-- HERE CHANGE
degExtX:=recO0fZerosX.extDegree
listZeroX:List K := recOfZerosX.zeros
1list0fExtDeg:=cons (degExtX,list0fExtDeg)
for a in listZeroX repeat

tjeker := [(eval(f,index(2)$0V2,a)$DD) for f in idealGroXY1i]

idealGroaXbl := [univariate(f)$DD for f in tjeker]

rec0fZerosOfIdeal:=distinguishedCommonRoots0f (idealGroaXbl,a)$RFP(K)
listZeroY:= recOfZerosOfIdeal.zeros
1list0fExtDeg:=cons(recO0fZeros0fIdeal.extDegree,list0fExtDeg)
listPtsIdl:=
concat( [projectivePoint([a,b,1]) for b in listZeroY] ,listPtsIdl)

degExt:=1lcm listOfExtDeg

zero?(degExt) =>
print (("------- Infinite number of points ------ ") ::0F)
"Infinite"

“one?(degExt) =>

print (("You need an extension of degree")::0F)

print (degExt: :0F)

degExt
listPtsIdl

polyToYX1(pol)==
zero?(pol) => 0
dd:= degree pol
lc:= leadingCoefficient pol
pp:= parts dd
ppr:= rest reverse pp
ppv:Vector (NNI):= vector ppr
eppr:=directProduct (ppv) $LexE
monomial (lc,eppr)$DD + polyToYX1 reductum pol

polyToX10(pol)==
zero?(pol) => 0
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dd:= degree pol

lc:= leadingCoefficient pol

pp:= parts dd

1lp:= last pp

“zero?(lp) => polyToX10 reductum pol
el:= pp.1

monomial(lc,el)$SUP(K) + polyToX10 reductum pol

— AFALGGRO.dotabb —

"AFALGGRO" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=AFALGGRO"]
"DIRPCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=DIRPCAT"]
"PFECAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PFECAT"]
"AFALGGRO" -> "DIRPCAT"

"AFALGGRO" -> "PFECAT"

2.2 package AFALGRES AffineAlgebraicSetComputeWith-
Resultant

— AffineAlgebraicSetComputeWithResultant.input —

)set break resume

)sys rm -f AffineAlgebraicSetComputeWithResultant.output
)spool AffineAlgebraicSetComputeWithResultant.output
)set message test on

)set message auto off

)clear all

-——S1of 1

)show AffineAlgebraicSetComputeWithResultant

--R

--R AffineAlgebraicSetComputeWithResultant(K: Field,symb: List(Symbol),PolyRing: PolynomialCateg
--R Abbreviation for AffineAlgebraicSetComputeWithResultant is AFALGRES

--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.4.pamphlet to see algebra source code for AFALGRES

--R

--R—- —m— o Operations --- e

--R affineAlgSet : List(PolyRing) -> Union(List(ProjPt),"failed",Infinite,Integer)

--R affineAlgSetLocal : List(SparseUnivariatePolynomial (SparseUnivariatePolynomial(K))) -> Union
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--R affineRationalPoints : (PolyRing,PositiveInteger) -> Union(List(ProjPt),"failed",Infinite,Integer)

--R affineSingularPoints : PolyRing -> Union(List(ProjPt),"failed",Infinite,Integer)

--R affineSingularPoints : SparseUnivariatePolynomial (SparseUnivariatePolynomial(K)) -> Union(List(ProjPt),
--R allPairsAmong : List(SparseUnivariatePolynomial (SparseUnivariatePolynomial(K))) -> List(List(SparseUniv
--R polyRing2UPUP : PolyRing -> SparseUnivariatePolynomial(SparseUnivariatePolynomial (X))

--E 1

) spool
)1lisp (bye)

— AffineAlgebraicSetComputeWithResultant.help —

AffineAlgebraicSetComputeWithResultant examples

See Also:
o )show AffineAlgebraicSetComputeWithResultant

2.2.1 AffineAlgebraicSetComputeWithResultant (AFALGRES)

Exports:
affineAlgSet affineAlgSetLocal affineRationalPoints
affineSingularPoints  allPairsAmong polyRing2UPUP

— package AFALGRES AffineAlgebraicSetComputeWithResultant
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)abbrev package AFALGRES AffineAlgebraicSetComputeWithResultant
++ Author: Gaetan Hache
++ Date Created: 17 nov 1992
++ Date Last Updated: May 2010 by Tim Daly
++ Description:
++ The following is part of the PAFF package
AffineAlgebraicSetComputeWithResultant (K,symb,PolyRing,E,ProjPt) :Ex==Impl where
K : Field
symb: List(Symbol)
0V ==> OrderedVariableList(symb)
E : DirectProductCategory (#symb,NonNegativeInteger)
PolyRing : PolynomialCategory(K,E,QV)

ProjPt : ProjectiveSpaceCategory(K)
PCS : LocalPowerSeriesCategory (K)
SUP ==> SparseUnivariatePolynomial

UPUP ==> SUP(SUP(K))
NNI ==> NonNegativelnteger
RFP ==> RootsFindingPackage

Ex ==> with

affineSingularPoints: PolyRing -> _
Union(List (ProjPt),"failed","Infinite",Integer)

affineSingularPoints: UPUP -> _
Union(List (ProjPt),"failed","Infinite",Integer)

affineAlgSetLocal: List UPUP -> _
Union(List(ProjPt),"failed","Infinite",Integer)

affineAlgSet: List PolyRing -> _
Union(List ProjPt ,"failed","Infinite",Integer)

polyRing2UPUP: PolyRing -> UPUP
allPairsAmong: List UPUP -> List List UPUP

affineRationalPoints: (PolyRing, PositiveInteger) -> _
Union(List(ProjPt),"failed","Infinite",Integer)

Impl == add
import ProjPt
evAtcoef: (UPUP,K) -> SUP(K)
evAtcoef (pol,a)==

zero?(pol) => 0
dd:= degree pol
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lc:= leadingCoefficient pol
monomial( lc(a), dd )$SUP(K) + evAtcoef( reductum(pol), a )

polyRing2UPUP (pol)==
zero?(pol) => 0
dd:= degree pol
lc:= leadingCoefficient pol
pp:= parts dd
monomial (monomial (1c,pp.1)$SUP(K) ,pp.2) $UPUP+polyRing2UPUP (reductum(pol))

if K has FiniteFieldCategory then

affineRationalPoints(crv:PolyRing,extdegree:PositiveInteger) ==
listPtsIdl:List(ProjPt):= empty()
x:= monomial(1,directProduct(vector([1,0,0])$Vector(NNI)))$PolyRing
y:= monomial(1,directProduct(vector([0,1,0])$Vector (NNI)))$PolyRing
if K has PseudoAlgebraicClosureOfFiniteFieldCategory then
setTower! (1$K) $K
q:= size()$K
px:= x**x(q**extdegree) - x
py:= y**(g**extdegree) - y
rpts:= affineAlgSet([crv,px,pyl)
-- si les 3 tests qui suivent ne sont pas la,
-- alors ca ne compile pas !!! 777
rpts case "failed" => _
error "case failed: From affineRationalPoints in AFALGRES"
rpts case "Infinite" => _
error "case infinite: From affineRationalPoints in AFALGRES"
rpts case Integer => _
error "case Integer: From affineRationalPoints in AFALGRES"
rpts case List(ProjPt) => rpts
error "case unknown: From affineRationalPoints in AFALGRES"

allPairsAmong(lp)==
#1p = 2 => [1p]
rlp:=rest 1lp
subL:= allPairsAmong rlp
pol:=first 1p
frontL:= [[pol,p] for p in rlp]
concat( frontlL , subL )

affineSingularPoints(pol:PolyRing)==
affineSingularPoints( polyRing2UPUP pol )

affineSingularPoints(pol:UPUP)==
ground? pol => "failed"
lc := coefficients pol
lcb := [ ground?( c )$SUP(K) for c in lc ]
reduce("and" , 1lcb) => "failed"
dy:=differentiate(pol)
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dx:=map(differentiate$SUP(K) ,pol)
affineAlgSetLocal( [ pol, dy, dx ] )

resultantL: List UPUP -> SUP(X)
resultantL(lp)==

g:=first 1lp

h:= last 1p

resultant(g,h)

affineAlgSet(lpol:List PolyRing)==
affineAlgSetLocal( [ polyRing2UPUP pol for pol in lpol ] )

affineAlgSetLocal(lpol:List UPUP)==
listPtsIdl:List(ProjPt)
allP:= allPairsAmong lpol
beforGed:List SUP(K) := [resultantL(lp) for lp in allP]
polyZeroX:SUP(K) :=gcd beforGced
zero? polyZeroX => "failed"
listZeroY:List (K) :=empty()
listZeroX:List (K) :=empty ()
rec0fZerosX:=distinguishedRoots0f (polyZeroX, 1$K) $RFP (K)
degExtX:=recOfZerosX.extDegree
listZeroX:List K := recOfZerosX.zeros
listOfExtDeg:List (Integer) :=empty ()
listOfExtDeg:=cons(degExtX,1list0fExtDeg)
lpolEval:List SUP(K)
for a in listZeroX repeat
lpolEval := [ evAtcoef(p,a) for p in 1lpol ]
rec0fZerosOfIdeal:=distinguishedCommonRoots0f ( 1lpolEval ,a)$RF